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A METHOD FOR DEVELOPING cos"0 AND sin"*. 



By H. C. STEVEITS, A. H„ Department of Mathematics, Purdue University, Lafayette, Indiana. 



De Morgan in his Calculus gives a method for expanding cos"# and sin n 
when n is an integer which I have not noticed in any of our American works on 
that subject. As it leads to an easy method for integrating such expressions as 

Ccos"0dff, Csln n 8dd, 

etc. I have thought it might be of interest to some of the readers of the Monthly. 
The method is as follows : 

cosfl= el "t C . Let e iB =x, then e " i9 = — , and cos(i=i(% + — ) (1) 

e nM =x n , then e - ni °——, cosnti =i[x"+—X 
Then from (1) cos-fc=-^[j (*.+-!)+ »*(**-« + ^_) 

= -2^ zr ['cosn6i + wcos(n-2)#+^^- ) cos(n— 4)^+ 

If n be an even number=2m, there will be 2m+ 1 terms in the develop- 
ment, which will give m cosines, namely, those of 2m#, 2(m— 1)6 down to 

2#, and an additional term which will not contain 0, the value of which is 

-4- ' . But if n be odd, and~2m-t-l, then there are 

\ m ' ' 

2m + 2 terms giving m-f 1 cosines, namely, those of (2to + 1)0, (2m— 1)0 

down to 0, with no middle term. Thus we have 

cos 6 0=jy co 86#+6cos4#+15cos2!9 +10). 

Whence the integral of co&*t)dO= i ^s,\nM+£ { $\x\ie+ ifsin20 + -,« 6 0. 
Also cos 1 0= 8 , j(cos70+7cos5#+21cos30+ 35cos0). 

Whence J cos 1 6'd6 l =jj,sin76'-|-jJ tt sin56'-)- Tr ' , 1 sin36'+ J£sin#. 



104 

The advantage of this method will be still more apparent by integrating* 
cos 3 30cosftW. Here cos 3 36»=Ka; 3 + x- 3 )*=l(.x 9 + a;- 9 ) + 3(a; 3 +aH>). 
Multiplying this by lix+x- 1 ) we at once have 

cos 3 3#cos#==4coslO0+4cos80+fcos40 + tcos2#. 

Whence J cos 3 30cos6W= 8 \sinlO0 + V f sin8# + j s ff sin4fl+ T s , sin2 '/. 

It will be noticed that this form is well adapted for substituting values as 
limits of integration. For instance if the inferior limit be 0, and the superior 
limit in then A sm V 7r =— ilol/S ; jfrsinjjs^— r fay 3 ; ^Vsinfw=/ f |/3 ; 
TVsin2^= 5 3 Fl /3. 

" co8 s Z0coa0d0=-fo\ v /3. 

The reader will have no difficulty in applying the same method to develop 
sin n fl and then for integrating sin"#d6>. 

It will be observed that when we put cos#='jGM ) we do not escape the 

impossible; for this is as much an impossible form as 0060=0,0* + e~*") for 

x -) can never be less than 2, and 2cos# can never be greater than 2. 
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CONCERNING CONICS THROUGH FOUR POINTS. 



By EDGAR H. JOHNSON, Professor of Mathematics, Emory College, Oxford, Georgia. 



The equation of the conic through a,6 ( , a s b 2 , a 3 & 3 , a i b i , and a fifth 
point x t y t is 



xy 1/ % 

*i?/i 2/i *i 

a t b A b x 2 a, 

a 2 fo 2 6 2 2 a s 

a 3 6 s 6 3 2 a 3 

aA 6 4 2 «4 



2/ 

2/i 



or ^* 2 +25a;2/+C2/ 2 + 2f , a; + 2(?i/+i?=0, where the coefficients A, B, C, 

are of the second degree in x, and y,. The conic is an ellipse, parabola, or hy- 

♦Professor Waldo flrst called my attention to this easy method for integrating this particular 
expression. 



